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Abstract

US metropolitan areas show an intriguing empirical regularity. According to statistical surveys, the
population of a city is inversely proportional to its rank (by population). This type of power law
relationships are of special interest to complex systems studies, because they are surprisingly
common in natural and man-made systems. Therefore, a number of general, abstract mechanisms
and generative models have been proposed to explain the occurrence of power law distributions,
independent of the particular domain they may occur in. These models make different assumptions
of the system, its actors and their dynamics. In this paper a new generative model is presented, based
on utility maximizing behavior of agents using limited local information. This model is capable of
generating power law distributions given sufficient heterogeneity is present in the distribution of
information among the agents. The model is related to the city formation model of Simon that has
become more widely known in its variant by Albert and Barabasi as the ‘preferential attachment’
model. The main difference between these models and the one presented in this paper is that the
former models require global access to information (i.e., the arriving new agent or node has to assess
the distribution of links/size of the whole pre-existing population), while our model operates with
limited information and utility maximization subject to this set of information.
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Introduction

US metropolitan areas show an intriguing empirical regularity. According to statistical surveys, the
population of a city is inversely proportional to its rank (by population). If x;, denotes the size of the
gth largest city, then x, equals @//#7, where a is the size of the largest city. This type of power law

relationship is surprisingly common in many complex systems as testified by a vast and growing body
of work in the literature of various disciplines. [3][4][5][6][7][8][9][10][11][14]

Power laws are of special interest to complex systems studies. A number of general, abstract
mechanisms and generative models have been proposed to explain the occurrence of power law



distributions, independent of the particular domain they may occur in. These models make different
assumptions of the system, its actors and their dynamics. In this paper a new generative model is
presented, based on utility maximizing behavior of agents using limited local information. This model
is capable of generating power law distributions given sufficient heterogeneity is present in the
distribution of information among the agents. The model is related to the city formation model of
Simon [12][13] that has become more widely known in its variant by Albert and Barabasi as the
‘preferential attachment’ model. [1][2] The main difference between these models and the one
presented in this paper is that the former models require global access to information (Le., the
arriving new agent or node has to assess the distribution of links/size of the whole pre-existing
population), while our model operates with limited information and utility maximization subject to
this set of information.

The Model

Let X;, th, cen XtL UN be positive integers for 20 and LON, so that X|o=1, for all 1, L[]. At

each time 7, we take a random sample of Xlt ’s without replacement. §* will stand for the size of the

sample, a random positive integer drawn uniformly from [1,L]: STJU[1, L], for all 20. Z* will stand
for the sample itself:

o Z'= {x,t such that | O U[4, L]} where | Z/| = §, for all 72 0.

Let Y denote the largest element in the sample:

2 ' =argmax x;, 7= 0.
|
10z
We will call Y as the selected element of the sample. If [ is not unique, we take the one with the lowest
or highest index / or simply a random ‘maximum’. The dynamics of the system is the following:

it = {x,t Jf 12

) , for all 7= 0, where YLIN.
X +y Lifl =4 Y

3)
That is, the selected element of the sample is increased by a constant Y, while all the other elements
remain the same.

We are interested in the properties of X|t , in the limit of 7— 0. Especially, we are interested in the

following “frequency distribution FD' (y) = z X (Xlt > y), where X(.) is the membership function,
ICILL]

and thus FDx(y) gives the number of X|t ’s that are at least the size of y at time %

Numerical Results

Numerical simulations suggest that 4, , . FD/(j) ~ _)/g with 0=-2, as shown by Figure 1. The figure
shows the emerged power law distribution for .=100, 1000 and 10000 after 7=1000-L iterations on a
log-log scale. The linear approximation of the . =1000 case is also included for convenience, together
with its goodness-of-fit (R?) value.

Figure 2 provides a summary of the sensitivity analysis. The sensitivity analysis consisted of creating
10 simulation runs with different pseudo random number sequences for each parameter combination
(=100, 1000, 10000, 100000). The resulting frequency distribution of each individual run was saved
after t=1000000 iterations and linear regression was applied to their log-log scale transformations.
The figure summarizes the goodness-of-fit (R? values obtained. It is clear that the results are
independent of the particular pseudo random sequence used. On the other hand, the fit is quite



naturally dependent on the number of iterations (7). The apparent drop in goodness-of-fit at L=10000
is due to the insufficient number of iterations.
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Figure 1: The emerging power law distributions for L=100, 1000 and 10000.
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Figure 2: Sensitivity analysis of the results. Goodness-of-fit values for 10 runs with
different pseudo random sequences for L=100, 1000, 10000 and 100000.

Conclusions

This paper presented a novel generative model of power law distributions. The driving force behind
the process resulting in the scale-free distribution is the maximizing behavior of agents, acting on
limited local information that is distributed unevenly among them. We believe that this entirely local
approach has a great potential to explain the occurrence of power law distributions in social systems
with bounded rational agents, where the assumption global information access is unfeasible.
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